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Abstract
In a commutative inverse sequence by a natural replacement of spaces with homotopy equivalent
spaces an inverse sequence is obtained, which is not commutative. It is proved that the two inverse
sequences are isomorphic in the category of strong fundamental sequences.
It is proved that level coherent maps between sequences in the coherent category have a very
simple description, i.e., can be considered as strong fundamental sequences. As a corollary it is
shown that the two inverse sequences are isomorphic in the coherent category Coh of coherent inverse
systems and coherent maps.  2001 Elsevier Science B.V. All rights reserved.
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0. Introduction
The inverse systems are a powerful tool of modern topology. However, in many
situations there naturally appear inverse systems which are not strictly commutative. One
of these situations is described below. From a commutative inverse sequence by a simple
replacement of spaces by homotopy equivalent spaces, one obtains an inverse sequence,
which is not commutative. The two inverse sequences are obviously isomorphic in the
category pro-Htop (usually, by Htop is denoted the category of topological spaces and
homotopy classes). A much stronger result can be proved—they are isomorphic in the
category Coh of coherent inverse systems and coherent maps. The last statement is the
subject of this paper.
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In the category Coh morphisms are defined using homotopies of all orders (i.e., the order
of coherence is ∞). In Section 2 it is shown that there is a very simple description of the
level coherent category of inverse sequences, CohN . Instead of considering homotopies
of all orders it is enough to consider only homotopies of homotopies (order of coherence
is 2). This description of a coherent map between inverse sequences is known as strong
fundamental sequence [2,3]. In Section 0 is described the category of strong fundamental
sequences and it is shown that in this category the two inverse sequences are isomorphic.
The category Coh whose objects are coherent inverse systems was constructed after the
construction of the coherent category CPHTop, whose objects are commutative inverse
systems. The category CPHTop was introduced by Lisica and Mardešic´ in [4]. The
construction of the category Coh follows the way of the construction of the category
CPHTop. It is known that CPHTop is a full subcategory of the category Coh [6].
Categories with different order of coherence, whose objects are coherent inverse systems
have been constructed by various authors. The approach of Cordier and Porter in [1] is more
categorical, i.e., it is not related only to topological spaces. The relation of their coherent
theory and the category Coh is still unknown. In [1] Cordier and Porter considered the
problem presented here and gave a positive answer too.
Let X = (Xn,pn,m) be an inverse sequence such that maps pn,m :Xm → Xn, n < m,
satisfy
pn,n+1pn+1,n+2 = pn,n+2.
We will call such inverse sequences strictly commutative. They are objects of the category
pro-Top.
Let fn :Xn → Yn be a homotopy equivalence with a homotopy inverse gn :Yn →Xn and
let gnfn ∼ 1Xn by a homotopy Hn.
X1
f1
X2
f2
· · ·
Y1
g1
Y2
g2
We can define an inverse sequence Y = (Yn, qn,m) an object of the category pro-HTop, in
a natural way: qn,m = fnpn,mgm for n <m. Then
qk,nqn,m = fkpk,ngnfnpn,mgm ∼ fkpk,mgm = qk,m.
The inverse sequence Y = (Yn, qn,m) is not strictly commutative, but it is an object of the
category pro-HTop, since qk,m ∼ qk,nqn,m.
It is easily verified that fnpn,n+1 ∼ qn,n+1fn+1, i.e., the maps fn :Xn → Yn define a
morphism (fn) :X→ Y in pro-HTop. Also, gnqn,n+1 ∼ pn,n+1gn+1 and it follows that the
maps gn :Yn→Xn define a morphism (gn) :Y →X in pro-HTop.
Moreover, since gnfn ∼ 1X and fngn ∼ 1Y we have (gn)(fn)= 1X and (fn)(gn)= 1Y ,
i.e., the inverse systems X and Y are isomorphic in pro-HTop.
The aim of Section 1 is to prove that the inverse systems Y and X are isomorphic in
a stronger way, i.e., they are isomorphic in the category where the morphisms are strong
homotopy classes of strong fundamental sequences.
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1. Level category of strong fundamental sequences
The definition of the category of strong fundamental sequences and strong homotopy is
given in [2,3]. In [3] it is shown that commutative inverse sequences as objects and strong
homotopy classes of strong fundamental sequences as morphisms form a category.
This category is used in [2] for defining strong shape theory for metric compacta. As
shown in [3], it is one of the several equivalent approaches to the strong shape theory of
metric compacta.
We will describe only the level category of commutative inverse sequences and
strong fundamental sequences. We will call this category—the level category of strong
fundamental sequences (and commutative inverse systems).
The same definition of level strong fundamental sequences and level homotopy can be
applied also to inverse sequences which are commutative up to homotopy. The main reason
for this is that in the level category only level homotopies are used. Although this can be
seen directly from [3], here we give a short verification that a category is obtained through
Propositions 1–3.
Let X = (Xn,pn,m) and Y = (Yn, qn,m) be inverse sequences commutative up to
homotopy. A strong fundamental sequence from X to Y consists of a map fn :Xn → Yn
and a homotopy fn,n+1 : I ×Xn+1 → Yn such that
fn,n+1(0, x)= fnpn,n+1(x),
fn,n+1(1, x)= qn,n+1fn+1(x).
Two strong fundamental sequences (fn, fn,n+1) and (f ′n, f ′n,n+1) :X→ Y are coherently
homotopic if there exists a strong fundamental sequence (Fn,Fn,n+1) : I ×X→ Y (where
I ×X = (I ×Xn,1× pn,n+1)) such that Fn : I ×Xn → Yn satisfy
Fn(0, x)= fn(x), Fn(1, x)= f ′n(x)
and maps Fn,n+1 : I × I ×Xn+1 → Yn satisfy
Fn,n+1(t,0, x)= fn,n+1(t, x), Fn,n+1(t,1, x)= f ′n,n+1(t, x).
This is an equivalence relation and we denote (fn, fn,n+1)∼ (f ′n, f ′n,n+1).
The composition of level strong fundamental sequences (fn, fn,n+1) :X → Y and
(gn, gn,n+1) :Y →Z is the strong fundamental sequence (hn,hn,n+1) :X→Z defined by
hn = gnfn
and
hn,n+1(t, x)=
{
gnfn,n+1(2t, x), 0 t  12 ,
gn,n+1(2t − 1, fn+1(x)), 12  t  1.
We denote the composition (hn,hn,n+1) :X→Z by ((gf )n, (gf )n,n+1) :X→Z.
Proposition 1. Let (fn, fn,n+1), (f ′n, f ′n,n+1) :X → Y and (gn, gn,n+1), (g′n, g′n,n+1) :
Y → Z be strong fundamental sequences such that (fn, fn,n+1) ∼ (f ′n, f ′n,n+1) and
(gn, gn,n+1)∼ (g′n, g′n,n+1). Then ((gf )n, (gf )n,n+1)∼ ((g′f ′)n, (g′f ′)n,n+1).
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Proof. Let (fn, fn,n+1) ∼ (f ′n, f ′n,n+1) by a homotopy (Fn,Fn,n+1) and (gn, gn,n+1) ∼
(g′n, g′n,n+1) by a homotopy (Gn,Gn,n+1).
Then ((gf )n, (gf )n,n+1) ∼ ((gf ′)n, (gf ′)n,n+1) by a homotopy (Hn,Hn,n+1) defined
by
Hn(s, x)= gnFn(s, x)
and
Hn,n+1(t, s, x)=
{
gnFn,n+1(2t, s, x), 0 t  12 ,
gn,n+1(2t − 1,Fn+1(s, x)), 12  t  1.
Also, ((gf ′)n, (gf ′)n,n+1) ∼ ((g′f ′)n, (g′f ′)n,n+1) by a homotopy (Kn,Kn,n+1) de-
fined by
Kn(s, x)=Gn
(
s, f ′n(x)
)
and
Kn,n+1(t, s, x)=
{
Gn(s, f
′
n,n+1(2t, s, x)), 0 t 
1
2 ,
Gn,n+1(2t − 1, f ′n+1(s, x)), 12  t  1.
Since ∼ is an equivalence relation, it follows
(gf )n, (gf )n,n+1)∼
(
(g′f ′)n, (g′f ′)n,n+1
)
. ✷
Proposition 2. If (fn, fn,n+1) :X→ Y , (gn, gn,n+1) :Y → Z, (hn,hn,n+1) :Z→W are
strong fundamental sequences then[
(hn,hn,n+1)(gn, gn,n+1)
]
(fn, fn,n+1)∼ (hn,hn,n+1)
[
(gn, gn,n+1)(fn, fn,n+1)
]
.
Proof. These two maps are connected by a homotopy (Hn,Hn,n+1) defined by
Hn(s, x)= hngnfn(x)
and
Hn,n+1(t, s, x)=


hngnfn,n+1
(
4t
s + 1 , x
)
, 0 t  14 (s + 1),
hngn,n+1
(
4t − 1− s, fn+1(x)
)
, 14 (s + 1) t  14 (s + 2),
hn,n+1
(
4t − 2− s
2− s , gn+1fn+1(x)
)
, 14 (s + 2) t  1.
The identity map X→X is defined by the strong fundamental sequence (1Xn,pn,n+1) :
X→X. ✷
Proposition 3. Let (fn, fn,n+1) :X → Y be a strong fundamental sequence. Then
(1Yn, qn,n+1)(fn, fn,n+1)∼ (fn, fn,n+1) and (fn, fn,n+1)(1Xn,pn,n+1)∼ (fn, fn,n+1).
Proof. The homotopy (Hn,Hn,n+1) connecting strong fundamental sequences (1Yn,
qn,n+1)(fn, fn,n+1) and (fn, fn,n+1) is defined by
Hn(s, x)= fn(x)
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and
Hn,n+1(t, s, x)=


fn,n+1
(
2t
s + 1 , x
)
, 0 t  12 (s + 1),
qn,n+1fn+1(x), 12 (s + 1) t  1.
The homotopy (Kn,Kn,n+1) connecting strong fundamental sequences (fn, fn,n+1)
(1Xn,pn,n+1) and (fn, fn,n+1) is defined by
Kn(s, x)= fn(x)
and
Kn,n+1(t, s, x)=


fnpn,n+1(x), 0 t  12 (1− s),
fn,n+1
(
2t − 1+ s
1+ s , x
)
, 12 (1− s) t  1.
✷
Remark 1. The partitions of the square I × I and formulae on variables (t, s) ∈ I × I ,
which are used in the proofs of Propositions 1–3 are almost classical, i.e., they appear in
the construction of fundamental group.
From Propositions 1–3 it follows that inverse systems commutative up to homotopy and
homotopy classes of strong fundamental sequences form a category. We call this category
the level category of strong fundamental sequences (and inverse systems commutative up
to homotopy).
Theorem 1. Let X = (Xn,pn,m) be a commutative inverse system, let fn :Xn → Yn be
a homotopy equivalence with a homotopy inverse gn :Yn → Xn. Let Y = (Yn, qn,m) be
the inverse system defined by putting qn,m = fnpn,mgm, for n < m. Then X and Y are
isomorphic in the level category of strong fundamental sequences (and inverse sequences
commutative up to homotopy).
Proof. Let gnfn ∼ 1Xn by a homotopy Hn. We will define strong fundamental sequences
(fn, fn,n+1) :X→ Y and (gn, gn,n+1) :Y →X.
We denote by fn,n+1 : I ×Xn+1 → Yn the homotopy
fn,n+1(t, x)= fnpn,n+1Hn+1(t, x).
For this homotopy we have
fn,n+1(0, x)= fnpn,n+1Hn+1(0, x)= fnpn,n+1(x),
fn,n+1(1, x)= fnpn,n+1Hn+1(1, x)= fnpn,n+1gn+1fn+1(x)= qn,n+1fn+1(x),
i.e., (fn, fn,n+1) :X→ Y is a strong fundamental sequence.
Similarly, if we denote by gn,n+1 : I × Yn+1 →Xn the homotopy
gn,n+1(t, x)=Hn
(
1− t, pn,n+1gn+1(x)
)
,
we have
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gn,n+1(0, x) = Hn
(
1,pn,n+1gn+1(x)
)= gnfnpn,n+1gn+1(x)= gnqn,n+1(x),
gn,n+1(1, x) = Hn
(
0,pn,n+1gn+1(x)
)= pn,n+1gn+1(x),
i.e., (gn, gn,n+1) :Y →X is a strong fundamental sequence.
First, we have to prove that the composition ((gf )n, (gf )n,n+1) :X→X is homotopic
to the identity map (1Xn,pn,n+1) :X→ X. It remains to construct a map Hn,n+1 : I ×
I ×Xn+1 →Xn such that (Hn,Hn,n+1) is a strong fundamental sequence and it connects
coherent maps ((gf )n, (gf )n,n+1) :X→X and (1Xn,pn,n+1) :X→X.
We define
Hn,n+1(t, s, x)=
{
Hn
(
s,pn,n+1Hn+1(2st, x)
)
, 0 t  12 ,
Hn
(
2s(1− t),pn,n+1Hn+1(s, x)
)
, 12  t  1.
Then
Hn,n+1(0, s, x)=Hn
(
s,pn,n+1Hn+1(0, x)
)=Hn(s,pn,n+1(x)),
Hn,n+1(1, s, x)=Hn
(
0,pn,n+1Hn+1(s, x)
)= pn,n+1Hn+1(s, x),
which proves that (Hn,Hn,n+1) is a strong fundamental sequence.
Also
Hn,n+1(t,0, x) = Hn
(
0,pn,n+1Hn+1(0, x)
)= pn,n+1(x),
Hn,n+1(t,1, x) =
{
Hn
(
1,pn,n+1Hn+1(2t, x)
)
, 0 t  12 ,
Hn
(
2− 2t, pn,n+1Hn+1(1, x)
)
, 12  t  1,
=
{
gnfnpn,n+1Hn+1(2t, x), 0 t  12 ,
Hn
(
1− (2t − 1),pn,n+1gn+1fn+1(x)
)
, 12  t  1,
=
{
gnfn,n+1(2t, x), 0 t  12 ,
gn,n+1
(
2t − 1, fn+1(x)
)
, 12  t  1,
= (gf )n,n+1(t, x)
which proves that coherent maps ((gf )n, (gf )n,n+1) :X→X and (1Xn,pn,n+1) :X→X
are homotopic.
Second, we have to prove that the composition ((fg)n, (fg)n,n+1) :Y → Y is homotopic
to the identity map (1Yn, qn,n+1) :Y → Y .
By the lemma of Vogt about homotopy equivalences [7], there exists a homotopy Kn
which connects fngn and 1Yn , such that there exists a map Qn : I × I ×Xn → Yn with the
following properties
Qn(t,0, x)=Kn
(
t, fn(x)
)
, Qn(t,1, x)= fnHn(t, x),
Qn(0, s, x)= fn(x), Qn(1, s, x)= fngnfn(x),
and such that there exists a map Rn : I × I × Yn →Xn with the following properties
Rn(t,0, x)= gnKn(t, x), Rn(t,1, x)=Hn
(
t, gn(x)
)
,
Rn(0, s, x)= gn(x), Rn(1, s, x)= gnfngn(x).
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Fig. 1.
There exists a continuous map Φ : I × I\{(1,1)}→ [0,1)× I such that
Φ(t,1)= (t,1), 0 t < 1, Φ(t,0)= (0, 12 (1− t)), t ∈ I,
Φ(0, s)= (0, 12 (s + 1)), s ∈ I, Φ(1, s)= (s,0), 0 s < 1.
(Φ can be chosen to be a homeomorphism.)
We define a new map Rn : I × I ×Xn→ Yn by
Rn(t, s, x)=
{
Rn
(
Φ(t, s), x
)
, (t, s) = (1,1),
gnfngn(x), (t, s)= (1,1).
This map is continuous and
(1) Rn(t,0, x)=Rn
(
0, 12 (1− t), x
)= gn(x), for t ∈ I.
(2) Rn(t,1, x)=Rn(t,1, x)=Hn
(
t, gn(x)
)
for t ∈ [0,1).
Since Rn(1,1, x)= gnfngn(x)=Hn(1, gn(x)), this holds for all t ∈ I .
(3) Rn(1, s, x)=Rn(s,0, x)= gnKn(s, x) for s ∈ [0,1).
This holds for all s ∈ I since Rn(1,1, x)= gnfngn(x)= gnKn(1, x).
(4) Rn(0, s, x)=Rn
(
0, 12 (1+ s), x
)= gn(x), for all s ∈ I.
We define a map Φ ′ : I × I\{(0,1)}→ (0,1] × I by
Φ ′(t, s)= T ◦Φ(1− t, s),
where T (t, s)= (1− t, s). This map satisfy
Φ ′(t,1)= (t,1), 0 < t  1, Φ ′(t,0)= (1, 12 t), t ∈ I,
Φ ′(0, s)= (1− s,0), 0 s < 1, Φ ′(1, s)= (1, 12 (s + 1)), s ∈ I.
The map Q−1n : I × I ×Xn → Yn defined by Q−1n (t, s, x)=Qn(1− t, s, x) satisfies:
Q−1n (t,0, x)=Kn
(
1− t, fn(x)
)
, Q−1n (t,1, x)= fnHn(1− t, x),
Q−1n (0, s, x)= fngnfn(x), Q−1n (1, s, x)= fn(x).
We define a new map Qn : I × I ×Xn → Yn by
Qn(t, s, x)=
{
Q−1n
(
Φ ′(t, s), x
)
, (t, s) = (0,1),
fngnfn(x), (t, s)= (0,1).
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This map is continuous and
(1′) Qn(t,0, x)=Q−1n
(
1, 12 t, x
)= fn(x), for t ∈ I.
(2′) Qn(t,1, x)=Q−1n (t,1, x)= fnHn(1− t, x) for t ∈ (0,1].
Since Qn(0,1, x)= fngnfn(x)= fnHn(1, x), this holds for all t ∈ I .
(3′) Qn(0, s, x)=Q−1n (1− s,0, x)=Kn
(
s, fn(x)
)
for s ∈ [0,1).
This holds for all s ∈ I since Qn(0,1, x)= fngnfn(x)=Kn(1, fn(x)).
(4′) Qn(1, s, x)=Q−1n
(
1, 12 (1+ s), x
)= fn(x), for all s ∈ I.
Since fngn ∼ 1Yn by a homotopy Kn, it remains to construct a map Kn,n+1 : I × I ×
Yn+1 → Yn such that (Kn,Kn,n+1) is a coherent map and it connects coherent maps
((fg)n, (fg)n,n+1) :Y → Y and (1Yn, qn,n+1) :Y → Y .
We define
Kn,n+1(t, s, x)=
{
Qn
(
2t, s,pn,n+1gn+1(x)
)
, 0 t  12 ,
fnpn,n+1Rn+1(2t − 1, s, x), 12  t  1.
The map is well defined for t = 12 since from (4′)
Qn
(
2 · 12 , s,pn,n+1gn+1(x)
)= fnpn,n+1gn+1(x),
and from (4) also
fnpn,n+1Rn+1
(
2 · 12 − 1, s, x
)= fnpn,n+1gn+1(x).
(Kn,Kn,n+1) is a coherent map since, from (3′)
Kn,n+1(0, s, x) = Qn
(
0, s,pn,n+1gn+1(x)
)
= Kn
(
s, fnpn,n+1gn+1(x)
)=Kn(s, qn,n+1(x)),
and from (3)
Kn,n+1(1, s, x) = fnpn,n+1Rn+1(1, s, x)
= fnpn,n+1gn+1Kn+1(s, x)= qn,n+1Kn+1(s, x).
It remains to prove that Kn,n+1 : I × I × Yn+1 → Yn connects maps (fg)n,n+1 and qn,n+1.
From (1) and (1′)
Kn,n+1(t,0, x) =
{
Qn
(
2t,0,pn,n+1gn+1(x)
)
, 0 t  12 ,
fnpn,n+1Rn+1(2t − 1,0, x), 12  t  1,
= fnpn,n+1gn+1(x)= qn,n+1(x).
From (2) and (2′)
Kn,n+1(t,1, x) =
{
Qn
(
2t,1,pn,n+1gn+1(x)
)
, 0 t  12 ,
fnpn,n+1Rn+1(2t − 1,1, x), 12  t  1,
=
{
fnHn
(
1− 2t, pn,n+1gn+1(x)
)
, 0 t  12 ,
fnpn,n+1Hn+1
(
2t − 1, gn+1(x)
)
, 12  t  1,
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and from the definition of maps fn,n+1 and gn,n+1,
Kn,n+1(t, s, x) =
{
fngn,n+1(2t, x), 0 t  12 ,
fn,n+1
(
2t − 1, gn+1(x)
)
, 12  t  1,
= (fg)n,n+1(t, x).
This completes the proof. ✷
2. Level coherent maps
The inverse sequence Y = (Yn, qn,m) constructed in Introduction, for k < n<m satisfies
the relation qk,m ∼ qk,nqn,m. For k < n < m we denote by qk,n,m : I × Yk → Ym the
homotopy defined by
qk,n,m(t, x)= fkpk,nHn
(
t, pn,mgm(x)
)
.
For this homotopy we have
qk,n,m(0, x)= fkpk,npn,mgm(x)= fkpk,mgm(x)= qk,m(x),
qk,n,m(1, x)= fkpk,ngnfnpn,mgm(x)= qk,nqn,m(x),
i.e., the homotopy connects the maps qk,m and qk,nqn,m. We can prove that the inverse
sequence Y = (Yn, qn,m) has a richer structure, i.e., it is a coherent inverse sequence.
We will consider a more general situation: Let X = (Xa,pa0a1) be a commutative
inverse system over a directed set A. Let fa :Xa → Ya be a homotopy equivalence with a
homotopy inverse ga :Ya →Xa and gafa ∼ 1Xa by a homotopy Ha .
We can define a map qa0a1 :Ya1 → Ya0 for any pair of indices a0 < a1 by qa0a1 =
fa0pa0a1ga1 . For every strictly increasing sequence a = (a0, a1, . . . , an), a0 < a1 < · · ·<
an, n 2, we can define a map qa : In−1 × Yan → Ya0 by
qa(τ1, . . . , τn−1, x)
= fa0pa0a1Ha1
(
τ1,pa1a2Ha2
(
τ2, . . . , pan−2an−1Han−1
(
τn−1,pan−1angan(x)
)))
,
where τ = (τ1, . . . , τn−1) ∈ In−1, x ∈ Yan . These maps satisfy
qa(∂
0
j τ, x)= qa0...aˆj ...an(τ, x),
qa(∂
1
j τ, x)= qa0...aj
(
τ1, . . . , τj−1, qaj ...an(τj , . . . , τn−2, x)
)
,
where τ = (τ1, . . . , τn−2) ∈ In−2, x ∈ Yan .
A pair (Ya, qa) such that maps qa : In−1 × Yan → Ya0 satisfy these two conditions is
called a coherent inverse system over a directed set A.
The description of the coherent category Coh whose objects are coherent systems and
morphisms are homotopy classes of coherent maps was given in [6]. In [5] it was shown
that instead of the relation  in directed sets the relation < can be used.
Level coherent maps are a special type of coherent maps. The level coherent map overA,
(f
j
a ) : (Xa,pa)→ (Ya, qa) consists of
(0) a map fa0 :Xa0 → Ya0 for any index a0 in A,
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(1) a map fa0a1 : I ×Xa1 → Ya0 for any pair of indices a0 < a1 in A such that
fa0a1(0, x)= fa0pa0a1(x),
fa0a1(1, x)= qa0a1fa1(x).
We note that if I = {t | 0 t  1} and ∆1 = {(t0, t1) | t0, t1  0, t0 + t1 = 1} are identified,
by identifying t ∈ I with (1− t, t) ∈∆1, then we have a map fa0a1 :∆1 ×Xa1 → Ya0 .
(2) In the general case, for a strictly increasing sequence a = (a0, a1, . . . , an), a0 <
a1 < · · ·< an, there is a set fa of 2n−1 maps{
f
j0j1...jk
a | 0 = j0 < j1 < · · ·< jk = n
}= fa .
The map f j0j1...jka : In−k × ∆k × Xan → Ya0 must satisfy the following boundary
conditions:
(10) f j0j1...jka (τ, ∂0t, x)
= qa0...aj1
(
τ1, . . . , τj1−1, f
j1−j1...jk−j1
aj1 ...an
(τj1 , . . . , τn−k, t, x)
)
,
(20) f j0j1...jka (τ, ∂i t, x)= f j0...jˆi ...jka
(
∂1ji−i+1τ, t, x
)
, 1 i  k − 1,
(30) f j0j1...jka (τ, ∂kt, x)
= f j0...jk−1a0...ajk−1
(
τ1, . . . , τjk−1−k+1, t,pajk−1 ...an(τjk−1−k+2, . . . , τn−k, x)
)
,
for (τ1, . . . , τn−k) ∈ In−k, t = (t0, . . . , tk−1) ∈∆k−1, x ∈Xan,
and
(40) f j0j1...jka
(
∂0j−mτ, t, x
)= f j0...jmjm+1−1...jk−1
a0...aˆj ...an
(τ, t, x), jm < j < jm+1
for (τ1, . . . , τn−k−1) ∈ In−k−1, t = (t0, . . . , tk) ∈∆k, x ∈Xan.
We will call this map a level coherent map overA, and we denote it by (f ja ) : (Xa,pa)→
(Ya, qa). Two level coherent maps (f ja ), (f
′j
a ) are homotopic if there exists a level coherent
map (F ja ) such that the map F
j
a connects the maps f
j
a , f
′j
a .
Remark 2. The definition of coherent map under (1) may be considered as a special case
of the general definition under (2). Namely, in (2) if n= 1 then the set fa0a1 contains only
one map f 01a0a :∆
1 ×Xa1 → Ya0 which we denote by fa0a1 : I ×Xa1 → Ya0 . Also, in (2)
for n= 0 we have only a map f 0a0 :Xa0 → Ya0 which we denote by fa0 :Xa0 → Ya0 .
It is important to mention the following: if the level coherent map (hja ) : (Xa,pa)→
(Za, qa) is the composition of level coherent maps (gja ) : (Ya,pa) → (Za, ra) and
(f
j
a ) : (Xa,pa)→ (Ya, qa) then the maps of order 0, ha0 :Xa0 → Za0 are given by
ha0 = ga0fa0
and the maps of order 1, ha0a1 : I ×Xa1 →Za0 are given by
ha0a1(t, x)=
{
ga0fa0a1(2t, x), 0 t  12 ,
ga0a1
(
2t − 1, fa1(x)
)
, 12  t  1.
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The coherent inverse systems over A and the homotopy classes of the level coherent
maps form a category CohA. We call CohA—the level coherent category.
The level coherent category over the set of natural numbers N is denoted by CohN .
Remark 3. Any coherent inverse sequence can be considered as inverse sequence
commutative up to homotopy. Any commutative inverse sequence can be considered as
coherent inverse sequence. Consequently, we have the following inclusions
level category of strong fun-
damental sequences and com-
mutative inverse sequences
⊆
level category of strong fun-
damental sequences and co-
herent inverse sequences
⊆
level category of strong fun-
damental sequences and in-
verse sequences commutative
up to homotopy
Theorem 2. The level coherent category CohN is isomorphic to the level category of
coherent inverse sequences and strong fundamental sequences.
Proof. We consider a functor which leaves the objects fixed. For a level coherent map
over N , (f
j
m) : (Xm,pm) → (Ym,qm), there are maps defined for all strictly increasing
sequences of indices m = (m0,m1, . . . ,mn), m0 < m1 < · · · < mn, including the
sequences (m,m+1) and (m). It follows that the set of maps f jm : In−k×∆k×Xmn → Ym0
contains the maps fm :Xm→ Ym and fm,m+1 : I ×Xm+1 → Ym.
We associate with the coherent map (f jm) : (Xm,pm) → (Ym,qm) the strong funda-
mental sequence (fm,fm,m+1) : (Xm,pm)→ (Ym,qm). That in this way we get a func-
tor follows from the definition of the composition of strong fundamental sequences and
Remark 2.
This is a kind of forgetful functor, i.e., this functor forgets the structure of order 2.
To prove that this functor is full for a given strong fundamental sequence (fm,fm,m+1) :
(Xm,pm)→ (Ym,qm), we have to construct a coherent map (f jm) : (Xm,pm)→ (Ym,qm)
such that: with (f jm) is associated the strong fundamental sequence (fm,fm,m+1) :
(Xm,pm)→ (Ym,qm).
We have to construct all sets fm0m1...mn , where (m0,m1, . . . ,mn) is a strictly increasing
sequence of integers. We mention already that, if for the sequence (0,1,2, . . . , n) the set
of maps
f0,1,2,...,n =
{
f
j0j1...jk
0,1,2,...,n | 0 = j0 < j1 < · · ·< jk = n
}
is constructed, then it follows from (40) that the sets f0,1,...,jˆ ,...,n are constructed for
1  j  n − 1. By applying (40) again, it follows that the sets f0,1,...,iˆ,...,jˆ ,...,n are also
constructed. At the end we obtain the set f0,n consisting of only one member, i.e., the map
f
0,1
0,n :∆
1 ×Xn →X0.
Similarly, if the set fm,m+1,...,m+n is constructed, then all sets fm,...,m+n are constructed,
where the first index is m and the last is m+ n.
It follows that, for constructing the coherent map (f jm) : (Xm,pm) → (Ym,qm), it
is enough to construct the sets of maps fm,m+1,...,m+n. We will call n the length of
fm,m+1,...,m+n. The sets fm,m+1,...,m+n will be constructed by induction on n.
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Fig. 2.
For n = 0 and n = 1 the sets (maps) fm and fm,m+1 are already constructed. Suppose
that the sets fm,m+1,...,m+n−1 are constructed. Now, we will construct the set f0,1,2,...,n =
{f j0j1...jk0,1,2,...,n | 0 = j0 < j1 < · · ·< jk = n}.
We define the sets
∂1In =
n⋃
j=1
{
(τ1, . . . , τj−1,1, τj+1, . . . , τn) | 0 τi  1, i = 1,2, . . . , n
}
,
∂0∆
k = {t | t = (t0, t1, . . . , tk) ∈∆k, t0 = 0},
∂k∆
k = {t | t = (t0, t1, . . . , tk) ∈∆k, tk = 0}.
Let T n−kk be the subset of In−k ×∆k , defined by
T n−kk = In−k ×
(
∂0∆
k ∪ ∂k∆k
)∪ (∂1In−k ×∆k)
and let rn−kk denote the retraction r
n−k
k : I
n−k ×∆k → T n−kk .
We note that T 0k = ∂0∆k ∪ ∂k∆k ⊆ ∆k and r0k :∆k → ∂0∆k ∪ ∂k∆k . We define a map
f
0,1,2,...,n
0,1,2,...,n :∆
k ×Xn → Y0 in the following way: On (∂0∆k ∪ ∂k∆k)×Xn → Y0 put
f
0,1,2,...,n
0,1,2,...,n (∂kt, x)= f 0,1,2,...,n−10,1,2,...,n−1
(
t, pn−1,n(x)
)
, for t ∈∆k−1
and
f
0,1,2,...,n
0,1,2,...,n (∂0t, x)= q01f 0,1,2,...,n−11,2,...,n (t, x), for t ∈∆k−1.
In this way we have defined a map f 0,1,2,...,n0,1,2,...,n : (∂0∆
k ∪ ∂k∆k)×Xn → Y0, which by use of
the retraction r0k :∆
k → ∂0∆k ∪∂k∆k can be extended to a map f 0,1,2,...,n0,1,2,...,n :∆k×Xn→ Y0.
Before the construction of the other members of the set f0,1,2,...,n, on Fig. 2 is explained
the special case of the construction of the set f0,1,2 = {f 0,1,20,1,2 , f 0,20,1,2}. First we define the
map f 0,1,20,1,2 on the two solid sides of the triangle ∆
2 as shown in the picture. Then using
the retraction r02 , the map f
0,1,2
0,1,2 is extended to the whole triangle. Next, we define the map
f
0,2
0,1,2 on two solid parallel sides of the rectangle I ×∆1. Along the solid vertical side it is
defined in the same way as it was defined along the dotted side of the triangle (condition
(20) for the map f 0,1,20,1,2 ). Finally, using the retraction r11 , the map f 0,20,1,2 is extended to the
whole rectangle.
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The definition of the maps f j0j1...jk0,1,2,...,n : In−k × ∆k × Xn → Y0 will be completed by
reverse induction over the length k of j . Suppose that maps are constructed for all lengths
of j which are  k.
We have to define a map
f
l0...lk−1
0,1,2,...,n : I
n+1−k ×∆k−1 ×Xn → Y0,
where 0 = l0 < l1 < · · ·< lk−1 = n. There are exactly n+ 1− k sequences (j0, j1, . . . , jk),
0= j0 < j1 < · · ·< jk = n and for each sequence an index i such that (j0, . . . , jˆi , . . . , jk)=
(l0, . . . , lk−1). By the induction assumption on k, the maps f j0...jk0,1,2,...,n are already defined.
Then is defined the left side of Eq. (20). On ∂1In+1−k ×∆k−1 ×Xn, we define f l0...lk−10,1,2,...,n
by Eq. (20).
From induction hypothesis on n, all sets of maps fm,m+1,...,m+i with length  n − 1
are constructed. Then the right sides of Eqs. (10) and (30) for f l0...lk−10,1,2,...,n, are defined,
i.e., f l0...lk−10,1,2,...,n(τ, ∂k−1t, x) and f
l0...lk−1
0,1,2,...,n(τ, ∂0t, x), for t ∈∆k−2, τ ∈ In+1−k are defined.
Then, we can define f l0...lk−10,1,2,...,n : In+1−k × (∂0∆k−1 ∪ ∂k−1∆k−1)×Xn → Y0 by Eqs. (10)
and (30).
In this way we have defined a map f l0...lk−10,1,2,...,n :T
n−k+1
k−1 × Xn → Y0, which by
use of the retraction rn−k+1k−1 : In−k+1 × ∆k−1 → T n−k+1k−1 , can be extended to a map
f
l0...lk−1
0,1,2,...,n : I
n−k+1 ×∆k−1 ×Xn → Y0.
At the last step of the reverse induction on k the map f 0,n0,1,2,...,n : I
n−1 ×∆1 ×Xn → Y0
is constructed.
The set f0,1,2,...,n = {f j0j1...jk0,1,2,...,n | 0 = j0 < j1 < · · · < jk = n} is constructed and the
induction on n is completed. The construction of the set fm,m+1,...,m+n is the same as the
construction of f0,1,2,...,n.
It remains to prove that the forgetful functor is faithful, i.e., if the strong fundamental
sequences (fm,fm,m+1), (f ′m,f ′m,m+1) are strongly homotopic by a strong homotopy
(Fm,Fm,m+1) then the associated coherent maps (f jm), (f ′jm ) are coherently homotopic.
Let strong fundamental sequences (fm,fm,m+1), (f ′m,f ′m,m+1) be connected by a
coherent homotopy (Fn,Fn,n+1). The construction of the coherent homotopy (F jm) which
connects coherent maps (f jm), (f
′j
m ) follows the steps of the previous proof.
We have to construct the coherent map (F jm) : (I ×Xm,pm)→ (Ym,qm). It is enough
to construct the sets of maps Fm,m+1,...,m+n. These sets will be constructed by induction
on n.
For n= 0 and n= 1 the sets (maps) Fm and Fm,m+1 are already constructed. Suppose
that the sets Fm,m+1,...,m+n−1 are constructed. Now, we will construct the set of maps
F0,1,2,...,n = {Fj0j1...jk0,1,2,...,n | 0 = j0 < j1 < · · ·< jk = n}.
LetRn−kk denote the retractionR
n−k
k : I
n−k×∆k×I → (T n−kk ×I)∪In−k×∆k×{0,1}.
To define the maps Fj0j1...jk0,1,2,...,n : I
n−k ×∆k × I ×Xn → Y0, we use a reverse induction
on the length k of j . Suppose that maps are constructed for all lengths of j which are  k.
We have to define a map F l0...lk−10,1,2,...,n : In+1−k ×∆k−1 × I ×Xn → Y0, 0 = l0 < l1 < · · ·<
lk−1 = n.
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We first define F l0...lk−10,1,2,...,n : In−k ×∆k × {0,1} ×Xn → Y0 by putting
F
l0...lk−1
0,1,2,...,n(τ, t,0, x)= f l0...lk−10,1,2,...,n(τ, t, x),
F
l0...lk−1
0,1,2,...,n(τ, t,1, x)= f
′l0...lk−1
0,1,2,...,n(τ, t, x)
for τ ∈ In−k , t ∈∆k , x ∈Xn.
There are exactly n+1−k sequences (j0, j1, . . . , jk), 0 = j0 < j1 < · · ·< jk = n and an
index i for each sequence, such that (j0, . . . , jˆi , . . . , jk)= (l0, . . . , lk−1). By the induction
assumption on k, the maps Fj0...jk0,1,2,...,n are already defined. Then is defined the left side of
Eq. (20) for Fj0...jk0,1,2,...,n. On ∂
1In+1−k ×∆k−1 ×Xn, we define F l0...lk−10,1,2,...,n by Eq. (20), i.e.,
in the following way: for a fixed sequence (j0, j1, . . . , jk) , 0 = j0 < j1 < · · · < jk = n
such that (j0, . . . , jˆi , . . . , jk)= (l0, . . . , lk−1) we put
F
l0...lk−1
0,1,2,...,n(∂
1
ji−i+1τ, t, s, x)= F
j0...jk
0,1,2,...,n(τ, ∂i t, s, x),
for τ ∈ In−k , t ∈∆k−1, s ∈ I , x ∈Xn.
From the induction hypothesis on n, all sets of maps Fm,m+1,...,m+i with length  n− 1
are constructed, and it follows that F l0...lk−10,1,2,...,n(τ, ∂k−1t, s, x) and F
l0...lk−1
0,1,2,...,n(τ, ∂0t, s, x)
are defined for t ∈ ∆k−2, τ ∈ In+1−k . Then the map F l0...lk−10,1,2,...,n : In+1−k × (∂0∆k−1 ∪
∂k−1∆k−1)× I ×Xn → Y0 is defined.
In this way we have defined a map F l0...lk−10,1,2,...,n : ((T
n−k
k ×I)∪In−k×∆k×{0,1})×Xn→
Y0, which by use of the retraction Rn−k+1k−1 , can be extended to a map F
l0...lk−1
0,1,2,...,n : I
n−k+1 ×
∆k−1 × I ×Xn → Y0.
This completes the reverse induction on the length k of j and the induction on the length
n of the set of maps F0,1,2,...,n. ✷
Theorem 3. Let X = (Xn,pn,m) be a commutative inverse system, let fn :Xn → Yn be a
homotopy equivalence with a homotopy inverse gn :Yn → Xn. Let Y = (Yn, qn,m) be the
inverse system defined by qn,m = fnpn,mgm, for n < m. Then there is a coherent inverse
system (Ym,qm) such that for m = (n,m), qm = qn,m, and X = (Xn,pn,m) and (Ym,qm)
are isomorphic
(1) in the category CohN ,
(2) in the category Coh.
Proof. (1) is a consequence of Theorems 1 and 2.
(2) From (1) there are level coherent maps f :X→ (Ym,qm) and g : (Ym,qm)→X such
that gf ∼ 1X by a level homotopy and fg ∼ 1(Ym,qm) by a level homotopy. Level coherent
maps f and g are coherent maps, also. Since two coherent maps are coherently homotopic
by a level coherent homotopy (a special type of coherent homotopy), it follows that X and
(Ym,qm) are isomorphic in the category Coh. ✷
Remark 4. In [3] it was shown that the category of strong fundamental sequences and
commutative inverse systems is isomorphic to CPHTopN—the subcategory of CPHTop
whose objects are inverse sequences.
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